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TAUBERIAN CONDITIONS, MUCKENHOUPT WEIGHTS, AND 
DIFFERENTIATION PROPERTIES OF WEIGHTED BASES 

PAUL HAGELSTEIN, TERESA LUQUE, AND lOANNIS PARISSIS 

Abstract. We give an alternative characterization of the class of Muckenhoupt weights A^rg 
for homothecy invariant Muckenhoupt bases *B consisting of convex sets. In particular we show 

f~^ that w 6 j4oo <8 if and only if there exists a constant c^ > such that for all measurable sets 

CN EcW we have 

^ w{{x € M" : M<s{1e){x) > 1/2}) < c.^w{E). 

.^ This applies for example to the collection 9^ of rectangles with sides parallel to the coordinate 

axes, giving a new characterization of strong Muckenhoupt weights. We also show versions of 
these results under the presence of a doubling measure. Thus the strong maximal function Mjft.^, 

I— I defined with respect to a product doubling measure /i, is bounded on i^(/i) for some p > 1 if 

•^ and only if 

U K{x 6 M" : M^^^{1e){x) > 1/2}) < c^,^i{E) 

r^ for all measurable sets E c M". Finally we discuss applications in differentiation theory, proving 

C^ among other things that Tauberian conditions as above imply that the corresponding bases 

S differentiate _L°°(/i), with respect to the measure /i. 
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1. Introduction 



The study of weighted inequalities for classical operators such as the Hardy-Littlewood maximal 

function and the Hilbert transform has been an active area of research in harmonic analysis since 

■^ the seminal paper of Muckenhoupt, [41]. Here, by weighted inequalities we mean the study of 

the boundedness properties of an operator T on some weighted Lebesgue space L'p{w), where 

w is an appropriate non-negative, locally integrable function, that is, a weight. Indeed, the 

weights w for which the Hardy-Littlewood maximal function, the Hilbert transform, as well as 

more general Calderon-Zygmund operators are bounded on Lp{w) were identified in [41] as well 

^ as in the subsequent works [7,22]; these investigations led to the definition of the Ap classes 

^ of weights; see Definition 3.3. The first quantitative estimate of the operator norm ||M||iP(^) 

on the Ap-constant of the weight was proved in [3] for the Hardy-Littlewood maximal function 

M. In recent years, the corresponding question concerning the sharp dependence of the norm 

of a Calderon-Zygmund operator ||T||ip(^„) on the Ap-constant of the weight has spurred an 
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2 P. HAGELSTEIN, T. LUQUE, AND I. PARISSIS 

overwhelming amount of activity and development of relevant tools. Important representatives of 
these results include (but are not exhausted to) the work of PetermichI in [44], where the sharp 
bound for the Hilbert transform is proved, as well as the resolution of the celebrated A2 conjecture 
by Hytonen in [23] where the sharp bound is exhibited for general Calderon-Zygmund operators. 
Subsequent important developments and simplifications of the proof of the A2 theorem can be 
found in [24] and [35]. The two-weight problem for the Hilbert transform was also a notoriously 
hard problem, asking for necessary and sufficient conditions on a pair of weights {v,w) so that 
the Hilbert transform is bounded from Lp{w) to Lp{v). The two-weight inequalities have been 
intensively investigated in several papers which led to the very recent resolution by Lacey in [32], 
following previous results by Lacey, Sawyer, Shen and Uriarte-Tuero in [33]. 

All the results mentioned so far concern the classical or one-parameter theory, where the opera- 
tors under study commute with one-parameter dilations of M". On the other hand, the most basic 
example of the multi-parameter theory is the strong maximal function Af<H, namely the maximal 
average of a function with respect to ra-dimensional rectangles with sides parallel to the coordinate 
axes. This operator is in many senses the prototype for multi-parameter analysis while there are 
also natural multi-parameter versions of the Hilbert transform as well as of more general singular 
integral operators. See for example [46]. As the terminology suggests, these operators commute 
with n-parameter dilations of M". A general introduction to multi-parameter harmonic analysis is 
contained in [14]. The basic weighted theory for the strong maximal function is also pretty well 
developed in a series of important papers such as [12], [15], [26] and [27]. A natural starting 
point for a more quantitative multi-parameter weighted theory would be the analogue of Buckley's 
theorem for the strong maximal function, namely, a sharp estimate on ||MfH||j^p(^) in terms of the 
(strong) Ap-constant of the weight. No such quantitative estimate is currently known, a serious 
obstruction in carrying over the already described achievements of classical weighted theory to 
the multi-parameter setting. 

A possible reason why such a sharp weighted theorem is elusive in the multi-parameter world is 
the failure of the Besicovitch covering argument for rectangles with arbitrary eccentricities. Indeed, 
it is an essential fact, underlying many of the sharp quantitative estimates in the classical weighted 
theory, that the (centered) Hardy-Littlewood maximal operator, defined with respect to a general 
measure, is always bounded independently of the measure. This fails quite dramatically for the 
strong maximal function and this is just another manifestation of the failure of the Besicovitch 
covering argument. See [12]. The relevance of this fact to proving bounds on the operator norms 
ll^fRllLp(to) is revealed by abstract theorems characterizing two-weight norm inequalities in terms 
of the boundedness of corresponding weighted maximal operators. See for example [26] and [34]. 

The strong maximal function with respect to a measure. For the weighted strong maximal 
function M)^^ one thus requires some restriction on the weight w so that M^^^ is bounded on 
LP{w). A sufficient condition is provided by the result of Fefferman, [12], that states that if a 
weight w € Aoo,<n, that is if w is a strong Muckenhoupt weight, then MfH,„ is bounded on Lp{w). 
See §3 for precise definitions. It is thus no big surprise that many results in multi-parameter 
weighted theory begin with the assumption that w e Aoo,<r- This assumption has also been used 
in order to derive the Fefferman-Stein inequality for the strong maximal function in [36], [39], 
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[40] and [42]. An apparently weaker substitute for the hypothesis w € Ao^,^, usually referred to 
as condition (A), is that w satisfies a Tauberian condition of the form 

{A) w{{x € M" : M^{1e){x) > i}) < cw(E), 

where i? c M" is any measurable set. This condition was introduced in [26] in the context of 
weighted inequalities for quite general maximal functions. A consequence of our main theorem is 
however that that {A) is equivalent to w € A^y^. 

The previous discussion also motivates the seeking of conditions on a measure /i such that the 
strong maximal function Mf^^j, defined with respect to the measure n, is bounded on L'p{jj). 
With more general results and precise definitions to follow, one of our main theorems implies: 

Theorem 1.1. Let ji be a Borel non-negative measure wtiicti is locally finite and doubling with 
respect to rectangles with sides parallel to the coordinate axes. Then the M^^^ satisfies 

1- 
2- 
for every measurable set E if and only if M<y^^^ is bounded on L'p{ii) for some p> 1. 



li{{x € M" : M^^^{\e){x) > -}) < cfi(E) 



This theorem can be thought of as a testing condition on the operator Mch^^j. As it will become 
apparent, the constant ^ is not important as it can be replaced by any fixed level 7 e (0, 1) in the 
statement of the theorem. 

DifFerentiation with respect to bases of convex sets. A dual point of view and motivation 
for the investigations in this paper can be given in the language of differentiation theory. Given a 
collection of convex sets in M" which is invariant under dilations and translations we want to study 
when the corresponding maximal operator differentiates L°°(]R"). It turns out that boundedness 
properties of quite general maximal operators can also be characterized in terms of Tauberian 
conditions in the spirit of {A). Indeed, it is a classical result of Busemann and Feller, [4], that 
a homothecy invariant basis ® consisting of open sets differentiates L°°(]R") if and only if the 
corresponding maximal operator M^s satisfies a Tauberian condition 

\{xeR^:M<silE)ix)>-f}\<c,\E\, 

for every 7 € (0, 1) and for every measurable set E. See Theorem 4.3 for the details. This point 
of view is discussed in detail in [19] and taken up in [21]. In the last work it is shown that a 
homothecy invariant basis consisting of convex sets differentiates L°°(]R") (with respect to the 
Lebesgue measure) if and only if it differentiates Lp(]R") for some sufficiently large p > I. Note 
here that, lacking the convexity hypothesis on the basis one needs Tauberian conditions at all 
levels 7 € (0,1). This should be contrasted to the results in [21] as well as in the current paper 
where the convexity assumption allows us to only assume a Tauberian condition at a fixed level, 
say 7 = i. 

It is a natural question whether such results persist under the presence of a weight, or somewhat 
more generally, a measure fi. More precisely, one seeks conditions on the measure fi and the basis 
05 so that the /^-averages of a function / e Lp^jj) converge to / /i-almost everywhere. If 23 is 
some abstract basis of convex sets it is in general hard to tell whether 53 differentiates functions 



4 P. HAGELSTEIN, T. LUQUE, AND I. PARISSIS 

in LP{fi) with respect to /i, for some p > 1. For the basis of rectangles with sides parallel to the 
coordinate axes this is just a rephrasing of the question: "When is the strong maximal function 
MfH^^, defined with respect to a measure fi, bounded on LP{fi) for some p > 1?" However our 
results address the more general case of homothecy invariant bases consisting of convex sets. Our 
most general theorem has the following form: 

Theorem 1.2. Let ^ be a homothecy invariant basis consisting of open convex sets and assume 
that /i, u are locally finite, non-negative Borel measures on W-. Assume further that the measure 
fi is doubling with respect to 23. Let Mg^ denote the maximal operator with respect to the basis 
^ and the measure fx. Then Msg ^ satisfies 

1 
2 
if and only if Mf^,^ is bounded on Lp{i') for some p> I. 



u{{x € M« : M^,^{1e){x) > -}) < cu{E) 



Among other consequences, we get as a corollary a "weighted" version of the Busemann-Feller 
theorem: 



Corollary 1.3. Let ^ be a homothecy invariant basis consisting of convex sets and ji be a locally 
finite, non-negative measure on M" which is doubling with respect to ^. Suppose that 

/i({x e M" : M^^^{\e){x) > ^}) < cfiiE) 

The 53 differentiates L°°{ij) with respect to the measure fx. 



2. Notations 

A few words concerning the notation used in this paper are necessary. Due to the technical 
nature of some of the proofs the notation becomes quite cumbersome but we have tried to be 
consistent with our choice of symbols. The current paragraph can be used as a guide to the 
notation and the reader is encouraged to consult it in order to avoid any sort of confusion. 

We write A< B whenever A < CB for some constant C > and A ^ 5 if A < 5 and 5 < A. 
We write A <n B whenever the implied constant depends on some parameter n. We omit such 
dependencies when they are of no importance. 

In this paper we use several differentiation bases which are basically collections of open sets 
in M". We use the symbol ^ to denote a generic basis consisting of convex sets, the symbol C5 
to denote a generic basis consisting of rectangles, the symbol VK for the basis of rectangles with 
sides parallel to the coordinate axes, the symbol b for the collection of all Euclidean balls and the 
symbol O. for the collection of all cubes in M" with sides parallel to the coordinate axes. 

For a rectangle R e VK we denote by Vr the mesh of "dyadic rectangles" associated to R. 
The "dyadic children" of R are produced by dividing each side of R into two equal parts while 
the dyadic parent of R is the rectangle i?(i) whose sidelengths are double the corresponding 
sidelengths of R and shares exactly one corner with R. Thus every RcMJ^ has exactly 2** dyadic 
children and is contained in a unique dyadic parent. For a dyadic rectangle R we write R^^^ for 
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the parent of R and /?(■?) for the ancestor of R which is j generations "before" R. For more 
details see the discussion before Proposition 6.11. 

The measures fi, v that appear in this paper are always assumed to be locally finite, non-negative 
Borel measures. The symbol v is used to denote such a measure in the underlying space. Thus 
we prove bounds on ^"(1/). We use the symbol fi to denote a measure which is additionally 
assumed to be doubling with respect to some differentiation basis 03. The doubling constant 
of /i with respect to 03 is denoted by A^fg. We omit these indices when the definition of the 
underling measure or basis is clear from the context. The measure fi is typically used in order 
to define some maximal operator Mig^. Thus our main questions concern the mapping property 
Mig^ : Lp{u) -^ Lp{u). We use the symbol w to denote a non-negative locally integrable function, 
that is, a weight. In this case we write Mig ^„ for the weighted maximal function with respect to 
^ and w. 

Some words are also necessary concerning the dilations that we use in the paper. There are 
three kinds of dilations of a set E with respect to some parameter c > 0. If the set E has a 
natural center of symmetry then cE denotes the dilates of i? by a factor c, with respect to its 
center. If 5 is a convex set we write cB even if B is not symmetric with respect to some point. 
In this case the homothecy center is taken to be the center of the John ellipsoid of B. See § 5.2. 
We write dilc-E := {ex ■■ x ^ E), that is, for the dilation with respect to 0. Finally we write c* R 
whenever i? is a "dyadic rectangle" to denote the dilation of R by the factor c, with respect to 
the corner shared by R and its parent i?(^). We also consider translations of sets; for a e M" and 
E c M" we set t^E := {x + a : x e E). 

Finally, almost all the logarithms that appear in this paper are base-2 logarithms; we still just 
write logt for log2t. 

3. Definitions and overview of known results 

3.1. Bases of open sets and maximal operators. By a basis 03 we mean a collection of 
bounded open sets in M". The differentiation properties of a basis ® are determined by the 
boundedness properties of the corresponding maximal function, acting on locally integrable func- 
tions / as 

M^f{x):=S\X^—-\ I 1/(^)1^2/' 
BeQ3 \B\ Jb 

B3X 

if X e Use'sB and M'^f{x) ■= otherwise. Particular attention will be given to two special bases 
of open sets; namely the basis O., consisting of all n-dimensional cubes with sides parallel to the 
coordinate axes, and the basis DK consisting of all rectangles with sides parallel to the coordinate 
axes. The corresponding maximal operators are the Hardy- Littlewood maximal function Mq and 
the strong maximal function M^h. We are interested in L^-bounds for the maximal functions Affg 
of the type 

(3.1) II M|b/ II LP(R") ^"S.p.n II / II LP(M"), l<P<+00, 

together with appropriate endpoint bounds as p ^ 1+. The existence of such bounds cannot be 
guaranteed in the generality of 03 discussed above. Indeed, if 03 is the family of all rectangles 
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in M", allowing all rotations, dilations and translations, then Afsg is called the universal maximal 
function which is known to be unbounded for any p < +00; see [20]. Note, however, that this 
operator restricted to radial functions is bounded on Lp(M") for p > n. See [6] and [10]. On the 
other hand, the case of the bases 9^ and O. are well understood, with the corresponding sharp 
endpoint bounds being 

|{,t€M":Mq/(s)>A}|<„ f ^-^^dx, A>0, 

JR" A 

|{a;€M":M«/(x)>A}|<„ f <^J^-^^)dx, A > 0. 

JR" \ A ' 

Here $„(t) := t(l + (log^t)""^) and log^t := max(logt,0), where log denotes the natural loga- 
rithm. The first weak inequality above is the classical maximal theorem of Hardy and Littlewood; 
see for example [49]. The second distributional inequality is the strong maximal theorem of Jessen, 
Marcinkiewicz and Zygmund from [28]. See also [9] for a geometric approach to the same result. 
By interpolation, the previous endpoint bounds imply (3.1) for both £3 and 9^. 

3.2. Weights associated to bases. We say that w is a weight associated to the basis 55 if w is 
a non-negative locally integrable function on M" and w{B) := J^w{x)dx < +cx) for every 5 € 03. 
The weighted analogue of estimate (3.1) takes the form 

(3.2) \\M^f\\LP(w)S'S,p,n\\f\\LP{w), l<P<+00. 

The corresponding endpoint bounds as p ^ 1+ are also of great interest and are typically harder 
(and stronger) than their L^-analogues (3.2). 

Again, for the bases O. and 9^, estimates (3.2) are much better understood and the validity of 
(3.2) for any 1 < j9 < +cx) is characterized by the membership of w to the classes of Muckenhoupt 
weights v4p>8. 

Definition 3.3. We say that a weight w belongs to the class Ap<s, 1 <p < +00, if 
["^l^p,® - sup n^ / w{y)dy]{—- / w{yy-P'dy] < +00. 



BeSB 



B '^' '^ \\B\Jb 



Here and throughout the paper p' denotes the dual exponent of p, that is - + ^ = 1. 

For the limiting case p = 1 the class Ai is is defined to be the set of weights w such that 

M^is-sup 7— / w{y)dy]esssup{w''^)<+oo. 

Be<B \|-D| JB I B 

This is equivalent to w having the property 

M>Bif(x) < [m;]ai_!b -^(3;), a.e. xeR". 

It follows from Holder's inequality and the definitions above that for all 1 <p < q < +00 we have 
that Apijs c Ag ig, that is, the classes Ap<^ are increasing in p > 1. It is thus natural to define the 
limiting class A<x,,>b as 

p>i p>i 
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For the special bases n,9i we use the shorthand notation Ap := ApQ and A* := Ap^ty^. 

Remark 3.4. For a general basis ®, as considered here, there is really no "obvious" definition of 
the class v4oo,<b- For the basis O. many definitions have appeared in the literature and they are all 
equivalent to each other. See for example [16]. This remains true for the basis DK. However, for a 
general basis ^, these different definitions may define different classes of weights. We adhere to 
the definition of the class A^^<s as the union of the classes Ap^^ for notational simplicity mostly, 
keeping in mind that for the bases O. and 9^ the definition above coincides with all the standard 
definitions that appear in the literature. 

For the bases £3 and 9^, the boundedness properties of the corresponding maximal operators on 
weighted Lebesgue spaces are well known. This is completely classical and due to Muckenhoupt 
for the basis O.; see [41]. The theorem of Muckenhoupt extends without difficulty to the basis 9i 
whenever p> I; see for example [1]. We summarize these results below. 

Theorem 3.5. The following statements are true. 

(i) Let 03 be either O. or ^i and I < p < +oo. Then M^ : Lp{w) -^ Lp{w) if and only if 

M<z : LP{w) -^ LP'°°{w), if and only ifw e Ap^^. 
(ii) For £1: Mq : L^{w) -^ L^^°°{w) if and only ifw e A^q. 
(iii) ForDK: IfweAi^^fi then 

(3.6) «;({x € M" : Mch/(x) > A}) <,,^ f <l>J^-^^)wix)dx, A > 0. 

Thus, the boundedness properties of M<b on Lp{w), I <p < +cx), are completely characterized 
for the bases £l,D\, and the same is true for the weighted endpoint estimate Mq : L^{w) -^ 
L^'°°{w). However, the endpoint estimate (3.6) for the strong maximal function is not so trans- 
parent. Indeed, the presence of the logarithmic terms on the right hand side of the (3.6) results 
in the condition Ai^^ being sufficient, but not necessary, for the validity of (3.6). A necessary 
condition for (3.6), which is weaker than w e Ai^r, appears in [1] but the authors show that it is 
not sufficient. On the other hand, the weighted endpoint estimate (3.6) has been characterized 
in [17] in terms of a certain covering property for rectangles. See also [31, Theorem 4.3.1] for 
a detailed proof of this fact. Similar characterizations of the boundedness properties of maximal 
operators on general LP(/i)-spaces in terms of covering properties are contained for example in 
[26, Theorem 2.2] and [16, Lemma IV. 6. 11], while the approach goes back to [8] and [9]. There 
is however no characterization in the spirit of the Muckenhoupt ApfR-classes, of the weights w 
such that (3.6) holds. 

3.3. Maximal operators with respect to measures. Let /i be a non-negative measure on MJ^, 
finite on compact sets, and let !B be a basis. For / £ L\^^{iJi) we write 

M^^^f{x) := sup — -- / \f{y)W{y), 
B<=3S l^{o) Jb 

B3X 

/i(B)>0 



8 P. HAGELSTEIN, T. LUQUE, AND I. PARISSIS 

if x € UBe<sB and Mib^/(s) = if s ^ UBe<sB. If dfi(x) = w{x)dx for some weight w associated 
to the basis ® we just write M^b,^ for M^b^^ and this operator will be called the weighted maximal 
operator with respect to w. The boundedness properties of Mfg^^ are much harder than the 
corresponding properties of the unweighted maximal operator, with definitive information only for 
special cases of bases 03 and measures ji. Again, we mainly restrict our attention to the case that 
03 is either O. or 9^. As in the unweighted case, the one-parameter operator Mq^^ is easier to 
analyze than the operator Mk^. However, even in the one-parameter case, there is no complete 
characterization of the measures jj, for which Mq^ is bounded on LP(]R",yu). Below we give a 
brief overview of the known results for the bases O or 9^ and refer the interested reader to the 
monograph [30] for further details and proofs. 

3.3.1. A special one-dimensional result. In dimension n = 1, let jj, be any non-negative Borel 
measure. We have that Mq^^ : L^{fi) -^ L^'°°{fi) and by interpolation Mq^^ : Lp{h) -^ Lp{h) for 
all 1 < p < +CX). This result is very special to one dimension since the proof depends on a covering 
lemma for intervals of the real line. Observe that there is essentially no restriction on the measure 

/i. 

3.3.2. The centered, one-parameter maximal function with respect to a measure fi. A common 
variation of Mq^j is the centered weighted Hardy-Littlewood maximal function, given as 

MI,J{x) := sup I f \f{y)\dfi{y), 

'^ r>0 H{Q{x,r)) JQ(x,r) 

where Q{x,r) denotes the cube with sides parallel to the coordinate axes and sidelength r > 0, 
centered at x e M". Then for any non-negative Borel measure yU we have that Mq : L^(]R") -^ 
Li'°°(]R") and thus, by interpolation, M^^:Lp(]R") -^ Lp{W) for all 1 <p<+oo.' 

The proof of this result depends on the Besicovitch covering lemma and it remains valid when- 
ever the Besicovitch argument goes through. Thus, the condition that the maximal function 
defined above is centered is essential. For example, it was shown in [47] that if 7 is the Gaussian 
measure in M^ then the non-centered weighted maximal operator Mq,^ does not map L^ to L^'°°. 

The second essential hypothesis, hidden in the definition of Mq is that it is a one-parameter 
maximal operator, that is, we average with respect to a one-parameter family of cubes. Here 
one could replace cubes by Euclidean balls or more general "balls", given by translations and 
one-parameter dilations of a convex set in M" symmetric about the origin. 

On the other hand, emphasizing the need for the one-parameter hypothesis mentioned previ- 
ously, the boundedness fails for the weighted strong maximal function, even in its centered version. 
The reason is that the family 9^ is an n-parameter family of sets for which the Besicovitch covering 
is not valid. See for example [12] for an example of a locally finite measure /x for which M^ is 
unbounded on LP(fj.) for all p < 00. 

3.3.3. The non-centered, one-parameter maximal function with respect to a doubling measure. 
Let fi he a non-negative Borel measure. The following definition is standard. 
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Definition 3.7. The measure fi is called doubling if there is a constant A^ > such that, for 
every cube Q = Q{x,r) £ M" we have 

/i(2Q)<A^/i(Q), 

where 2Q = Q(x,2r). 

It is an easy observation that for /i doubling, the non-centered weighted maximal operator Mq^^ 
is pointwise equivalent to its centered version, that is, MQ,^if{x) ^ Mq f{x), where the implicit 
constants depend only on A^. It follows from the discussion in §3.3.2 that the maximal operator 
Mq^ with respect to a doubling measure fi maps L^ifJ^) to L^'°°{iJi) and Lp{ji) to LP(fi) for all 
1 < p < oo. 

Here, the doubling hypothesis cannot be removed. Indeed, the example from [47] mentioned 
above shows that there exists a non-doubling measure, in particular the Gaussian measure in M?, 
such that A/q.^ does not map L^ to L^'°°. Most of the results in the literature that study A^/sb,^ 
for non-doubling measures concern the basis b consisting of all Euclidean balls in M" and radial 
measures. For example it is shown in [50] that if fi is rotationally invariant and assigns positive 
measure to all open sets then M(,,^ : L^ifj) -^ L^'°°{n) if and only if /i is doubling away from the 
origin. In [48] the authors provide a sufficient condition on a radial measure fi so that Aff,^^ satisfies 
certain weak type inequalities close to L^(/i) which in turn imply that M(,,^ : Lp(h) -> LP(fx). 
An example of a radial measure fi such that M^,^^ is unbounded on all LP(/i)-spaces, p < +oo, 
can be found in [25]. Note that in the non-doubling case, the operators Mq^^ and Mj,^^ can 
behave quite differently, unlike the doubling case. For example, if yU is a product of non-negative 
one-dimensional Borel measures then obviously M^j^^ < M^h^^. By the one-dimensional result 
mentioned in §3.3.1 and the methods from [5] we get that M<h_^, and a fortiori Mq^^, is bounded 
on LP(ix) and satisfies the endpoint estimate 

/i({x € M" : MqJXx) > A}) < fi{{x e M" : M^^J(x) > A}) <„ £^ $„(^^)rf/i(x). 
One such product measure is the Gaussian measure 7 on M" for which we can thus conclude 

(3.8) 7({^ e M" : M£3,,/(x) > A}) <„ ^^ ^f 1 + ( log- \lMy'X(x)dx. 

On the other hand it was shown in [48] that 

7({x e M" : M,,,f{x) > A}) <„ ^^ ^iMli + (bg- ^iM^^^V^^^dx 

and that this is actually sharp. It is not currently known whether estimate (3.8) is sharp. The 
previous discussion shows however that, surprisingly, the operator Mf^^y on M? exhibits stronger 
endpoint behavior than Mb_^. 

3.3.4. The weighted strong maximal function. The rectangle case is much less understood. Even if 
the measure /i is doubling, it is not known in general whether M)^^ maps LP(]R",/i) to Lp(R."-, fx). 
Notable exceptions are the one-dimensional case as well as the case where yU is a product measure, 
as we have already seen in §3.3.3. The case dfx^x) = w{x)dx has been studied more systematically. 
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the main result being that of R. Fefferman from [12]: If tu e Aoo,« then M^^^ : Lp(w) -> Lp(w) 
for all 1 < p < oo. The endpoint inequality 

wi{xeR^:M^,^f(x)>X})<n,n, [ $„(^^U(x)rfx 

is also true whenever w e Aoo,<n- This was proved by Jawerth and Torchinsky in [27] and indepen- 
dently by Long and Shen [38]. A weaker sufficient condition for the boundedness of MfR,^, appears 
in [27] but it is quite technical and we will not describe here; it shows however that w e Aoo,ih 
is not a necessary condition for the boundedness of M(h„, on Lp{w), nor for the corresponding 
endpoint distributional estimate above. 

3.3.5. The weighted maximal function associated to a general basis. For general bases ® and 
associated weights w, very little is known concerning the boundedness of M(g and Mfg,„ on Lp{w). 
However, the following abstract theorem from [42] gives a necessary and sufficient condition for 
the boundedness of the M<s,w, in terms of the unweighted maximal function M<s in the special 
case that w e yloo,<B- 

Theorem 3.9 (C. Perez). Let ^ be a basis. The following are equivalent: 
(i) For every 1 < p < +oo and every w e Apsg we have that 

M<b:LP{w)^LP{w). 

(ii) For every 1 < p < +oo and every w e Aoo,<s vve have that 

M^^^:LP{w)-^LP{w). 

The previous theorem as well as Theorem 3.5 motivate the following definition, which is also 
from [42]. 

Definition 3.10. A basis 03 is a Muckenhoupt basis if for every 1 <p < +oo and every w e Ap^<s, 
we have that 

M<s:LP{w)^LP{w). 

With this definition Theorem 3.9 states that 03 is a Muckenhoupt basis if and only if the 
weighted maximal function satisfies Mib,^ : Lp{w) -^ Lp{w) for every I < p < +cx) and every 
w € Aoo,<B- On the other hand. Theorem 3.5 shows that both O. and D^ are Muckenhoupt bases. 
Another interesting example of Muckenhoupt basis is given by the Cordoba-Zygmund basis in M^, 
with sides parallel to the coordinate axes and sidelengths of the form {s,t,st), s,t>0. See [13] 
and [15] for this and related facts. An example of a basis that is not a Muckenhoupt basis is 
the collection of all rectangles in MJ^. To see this, observe that the Lebesgue measure satisfies 
the Ap condition in Definition 3.3 with respect to this basis for all 1 < p < +oo, although the 
corresponding universal maximal operator is unbounded on Lp(R"-) for 1 < p < +oo. 
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4. Tauberian conditions and Muckenhoupt weights 

The purpose of this section is to give a new characterization of the class of Muckenhoupt 
weights A(B,tx) in the case that !B is a homothecy invariant basis consisting of convex sets. This 
is the content of Theorem 4.6 and Corollary 4.8 below. The main interest is in the case of the 
basis y{ consisting of all rectangles in M" with sides parallel to the coordinate axes. We show 
that y4^ = v4oo,« coincides with the class of weights w satisfying a weighted Tauberian condition 
which, until now, had been considered weaker than A^. 

4.1. Tauberian conditions for homothecy invariant bases. In this paragraph we are con- 
cerned with bases 23 that are homothecy invariant, namely they satisfy 

(i) For every 5 € !B and every y € M" we have that TyB € 5B, where TyB = {x + y- x e B}. 

(ii) For every B e ^ and s > we have that dil^-B € ®, where dil^i? = {sx : x e B}. 

Remark 4.1. An example of a Muckenhoupt basis which is not homothecy invariant is provided 
by the basis ®o = {(O?^) '■ b > 0} consisting of intervals on the real line. It is shown in [11] that 
!Bo is a Muckenhoupt basis and clearly it is not homothecy invariant. 

We will say that the corresponding maximal operator M<^ satisfies a Tauberian condition with 
respect to a fixed 7 e (0, 1) if there exists some constant c<s,^ > such that, for every measurable 
set E c M", we have 

(A25,^) \{x e M" : M^{1e)(x) >j}\< c<s,.y\E\. 

It is essential to notice here that the previous estimate is supposed to hold only for a fixed 
7 e (0,1). However, in practice, many times one has a Tauberian condition of the form (AtB,^) 
for every 7 e (0, 1) and typically cib,7 blows up to infinity as 7 ^ 0+. 

This condition has appeared in different contexts in several places but we are mainly interested 
in the investigations initiated in [21]. There are a couple of situations where such a condition 
can arise naturally. For example if the operator M<s is known to be of weak type {p,p) for some 
1 <p < +00 then M(g satisfies (As^^) with respect to every 7 € (0,1). More interestingly, the 
Tauberian condition appears naturally when one considers density bases. 

Definition 4.2. Let ® be a homothecy invariant basis in MJ^. Then ® is called a density basis if 
it differentiates L°°(]R"), namely if for every / e L°°(M"), for almost every x e M" and for every 
sequence {Bk}k <= ® such that Bk b x and diam(_Bfc) ^ we have 

,^™ iw~\ / f(y)dy = f{x)- 

Note that since translations and dilations of all sets in 5B are still in ?B there is always a sequence 
of sets {Bk}k as in the previous definition. The relevance of density bases to Tauberian conditions 
is revealed by the following theorem of Busemann and Feller [4]; see also [19, Chapter III, Theorem 

1.2]: 
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Theorem 4.3 (Busemann, Feller). Let ^ be a homothecy invariant basis and Mt^ be the corre- 
sponding maximal operator. Ttien ® is a density basis if and only if, for every 76 (0, 1) there is 
a constant < 0(7) < +00 such that, for every measurable set E cM.^ we have 

\{xeW':M^(lE)(x)>^}\<c{^)\E\. 

Thus for homothecy invariant density bases 03 consisting of convex sets, the corresponding 
maximal operator satisfies Tauberian conditions of the type (A3 -,) with respect to every 7 € (0, 1). 
The same is true if the operator Affg is known to be of weak type {p,p) for some p > 1. Even 
though this is apparently stronger than a single Tauberian condition with respect to a fixed 
7 e (0, 1), the following striking theorem was proved in [21]: 

Theorem 4.4 (Hagelstein, Stokolos). Let ^ be a homothecy invariant basis consisting of convex 
sets in M". Then the following are equivalent: 

(i) The operator Mfs satisfies a Tauberian condition (Aqj ^) with respect to some fixed 7 e 
(0,1). 

(ii) There exists some I < Po = Po{^n,n) < +00 such that M^j : Lp(]R") ^ Lp(]R") for all 

P>Po- 

In virtue of the previous theorem, the Tauberian condition (Afg^) for a single 7 € (0,1) is 
equivalent to Tauberian conditions for every 7 e (0, 1) whenever ® is a homothecy invariant basis 
consisting of convex sets in M". 

4.2. Weighted Tauberian conditions. We now come to the main subject of the current paper 
which investigates variations of the Tauberian condition (Aib,^) under the presence of a weight 
w or, somewhat more generally, a measure /i. For this section we still consider the unweighted 
maximal operator M<s acting on the weighted space Lp{w). We will be mostly interested in the 
case that 5B is either O. or 9^, but we will see that our results remain valid for general homothecy 
invariant bases consisting of convex sets. We thus fix a basis 5B and a weight w associated to ^. 

Definition 4.5. We will say that the maximal operator M^b satisfies a weighted Tauberian con- 
dition with respect to some 7 e (0,1) and a weight w if there exists a constant C(b,7,w > such 
that, for all measurable sets i? c M" we have 

(A>s,7,^) w{{x e M" : M^{1e){x) > 7}) < c<s,.y,^w{E). 

The weighted Tauberian condition has been considered many times in the literature, especially 
in the context of weighted inequalities for the strong maximal function. Indeed, it appears for 
example in [18], [26], [27], [37], [42] and [43]. Condition (Asg^^y) is typically presented in the 
literature as a presumably weaker substitute for the hypothesis w € A^^<q and is usually referred 
to as condition (A). For example, in [27] condition (Aqj^ui) is used as a hypothesis in order 
to prove LP{w)-hounds for the weighted strong maximal function M<h„,. Likewise, in [42] it is 
shown that if 03 is a Muckenhoupt basis and M<s satisfies (Afg ,y ,i,) for a fixed 7 € (0, 1) then M<s 
satisfies a Fefferman-Stein inequality, namely 

/ M<sf{xyw{x)dx<n,p,w / \f{x)\PM^w{x)dx, l<p<+oo. 
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Finally, in [18] and [37], the condition is used in order to deal with covering properties of rectangles 
which are relevant in the study of two weight problems for the strong maximal function. The 
following theorem shows however that condition {A<s,j,w) is just an equivalent characterization of 
^oo.'B for quite a large class of bases ^. This is the content of our first main result: 

Theorem 4.6. Let ^ be a homothecy invariant basis consisting of convex sets. Let w be a 
non-negative, locally integrable function on M". Then the following are equivalent: 

(i) Condition (Arg,^,t„) is satisfied for the weight w and the basis *B, for a fixed level 7 e (0, 1) . 
(ii) There exists I <Po = Po{c^,-y,w,'y, n) < +00 such that M<s ■ Lp{w) -^ Lp{w) for all p > Po- 

Proof. It is trivial that (ii) implies (i). The converse implication for w e 1 is essentially [21, 
Theorem 1]. Now a careful inspection of the proofs of the relevant results in [21] reveals that the 
arguments therein actually show that if Mig and w satisfy (A^g ^^^,) then M«b is of restricted type 
(g,g) for some g > 1, with respect to the weight w. Marcinkiewicz interpolation now gives (ii) 
for any p> q. Alternatively, the proof follows from the more general result in the current paper, 
namely Theorem 7.1. D 

Remark 4.7. In fact the same proof goes through to show that if /i is a non-negative Borel measure 
which is finite on compact sets and /i({Mi8(l£;) > 7}) < c<B,-y^^fi{E) for every measurable set E 
then M<s ■ Lp(ii) -^ LP^fi) for some p> 1. We will not insist on the this generalization here as 
Theorem 7.1 below provides a much more general statement. 

If the basis ^ is additionally a Muckenhoupt basis we immediately get the following corollary: 

Corollary 4.8. Let ^ be a homothecy invariant basis consisting of convex sets which is also 
a Muckenhoupt basis. Then w e A^o » if ^nd only if w satisfies (A(g ^ u,) for some fixed level 

7 €(0,1). 

Specializing to the case 5B = H or ^ = 9^, Corollary 4.8 provides a new characterization of 
the usual Muckenhoupt class A^ and the strong Muckenhoupt class A^, respectively. However, 
condition (AtB,y„,) is a lot harder to check in practice than all the other equivalent formulations 
of Aoo and A^^ that appear in the literature. Our main point however is that the assumption 
{■A<Sr/,w) for 03 = 9^ is exactly the same as w € A^ and not weaker, as it was so far believed. 

5. Doubling measures with respect to general measures 

Consider the maximal function Mig,^ defined with respect to a non-negative measure fi which is 
finite on compact sets and a homothecy invariant basis 03 in M", consisting of open and bounded 
convex sets with non-empty interior. Our main objective is to find a characterization of the 
measures fi such that M^^^ : Lp{v) -^ Lp{u) for some p > 1 in terms of a mixed /x, z/-Tauberian 
condition. To make this precise we give the following definition: 

Definition 5.1. We will say that the maximal operator MiB,/^ satisfies the Tauberian condition 
(A^ ) with respect to some fixed 7 e (0,1) if there is a constant c^^^^ > such that for all 
measurable sets E c M" we have 

(A^,,,J K{^ ^ K" ■■ M^,,{\e){x) > 7}) < 4,,,.^(i5). 
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If M<B,^ : LP{u) -^ LP{u) for some p > 1 then (A^,^^) is satisfied for all 7 e (0,1). We 
want to investigate if the converse is true, namely, if (A^ ) for some fixed 7 e (0,1) implies 
the boundedness of M<:q^^ on Lp{u) for sufficiently large p > 1. We will not pursue this in full 
generality but rather confine ourselves to the case that the measure /i is doubling with respect to 
the underlying basis. 

5.1. Doubling measures with respect to a differentiation basis. In this section we discuss 
the properties of measures which are doubling with respect to a basis of convex sets. By a basis of 
convex sets we will always mean a homothecy invariant basis ^ consisting of non-empty, bounded, 
open convex sets with non-empty interior. 

We begin by the definition of doubling in this general context. Remember that for a e M", 
£^ c M" and c> we write T^rE = {a + x : x e E} and dW^E = {ex : x e E}. 

Definition 5.2. Let /i be a non-negative measure which is finite on compact sets. We will say 
that /i is doubling with respect to !B if there is a constant A^ (g > 1 such that, for every B e ^ 
and every a e M" such that B c ro.dil2-B we have 

/i(r,dil25) < A^,>8/i(5). 

We always assume A^i^ to be the smallest possible constant so that the previous inequality holds 
uniformly for all B e^. When the underlying basis ® is clear from the context we will write A^ 
for A^_<B- 

Remark 5.3. The previous definition of a doubling measure reduces to the usual doubling con- 
dition (up to changes in the doubling constant) if 03 = H or !B = b. However, the doubling 
condition with respect to D^, say, is quite different than the doubling condition with respect to 
cubes. In fact, if one wants to study the behavior of the operator Mf^^^ with respect to a measure 
/i then the "natural" condition is that n is doubling with respect to 9^. For example in [45], 
measures that are doubling with respect to 9^ are called product doubling and we will adopt the 
same terminology here. The same notion of product doubling is discussed for example in [27]. 
Naturally, weights w £ A^ give product doubling measures w{x)dx. 

Observe also that for a general basis of convex sets 53 there is in general no natural homothecy 
center as the convex sets in ® might not be symmetric with respect to some point. In order to 
avoid confusion in all these subtle issues we will always specify the basis according to which a 
measure is assumed to be doubling. 

5.2. The John ellipsoid. One of the technical annoyances when dealing with general convex sets 
is the lack of a natural homothecy center as the convex sets we will consider will not in general be 
symmetric with respect to some point. In order to deal with this lack of symmetry and resulting 
technical issues, the classical lemma of F. John, [29], will be very useful. See also [2] for a very 
nice exposition of this and related topics. 

Lemma 5.4 (F. John). Let B be a bounded convex set in M". Ttien B contains a unique ellipsoid 
Sb, of maximal volume. We will call Sb the John ellipsoid ofB. The John ellipsoid of B is such 
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that 

Here cSb denotes the dilation of the ellipsoid Sb by a factor c> with respect to its center. 

Given a basis ® consisting of convex sets we will now construct an associated basis &ss con- 
sisting of rectangles as in [21]. To this end let 5 e 03 and Sb be the John ellipsoid of B. Then 
there is a (not necessarily unique) rectangle R^ Sb of minimal volume. It is elementary to check 
that for any ellipsoid S, a rectangle R of minimal volume that contains S satisfies 

S c Re y/nS. 

Given B e B, let Rb be a rectangle of minimal volume containing nSs- By the above observations 
and John's lemma we get for every B e B that 

B c uSb ^ Rb ^ n\/nSB <= rt'^'^B. 

Here the dilations cB are with respect to the center of the John ellipsoid associated to B. We 
now define the basis (Stg as 

<5^:={RB:Be^}. 

Since ^ is homothecy invariant the rectangle Rb may be selected so that S5(b is homothecy 
invariant. In this paper we will always assume that this is the case. 

The following lemma is an immediate consequence of the above discussion. We omit the easy 
proof. 

Lemma 5.5. Let ^ be a basis of convex sets and (5<b be the homothecy invariant basis of 
associated rectangles as constructed above. Suppose that ji is doubling with respect to ^ with 
doubling constant A^ig. We have: 

(i) The measure fi is doubling with respect to (Sf^ with doubling constant 

(ii) We have the pointwise equivalence 
where Cn ■= A^^^ 

3 

(iii) If B e'*& and Rb is the associated rectangle of B with B c Rb cn^B then 

niB)>pfi(RB), 
where p := c„^ and Cn as defined in (ii). 
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5.3. Properties of general doubling measures. The doubling condition has some important 
consequences in that the measure is "homogeneously" distributed in the space. We summarize 
these properties in the proposition below. We note that these properties are classical and refer 
the reader to [49, §8.6] for more details. 

Proposition 5.6. Let ji be a (not identically zero) locally finite, non-negative Borel measure. 
Assume that fi is doubling with respect to some family ^ consisting of all the homothetic copies 
of a fixed rectangle. The following properties are satisfied. 
(i) We have fJ.{U) > for every open set U c M". 

(ii) Let R e A and V^ be the dyadic grid generated by R. There exists a constant 7^ > 1, 
depending only on the doubling constant of fi and the dimension n such that fi{R) < 
7^™;u(i?(™)), where R^^^ is the ancestor of R, m generations higher. In particular 
/i(]R") = +00. 
(iii) The maximal operator Mj^^^j, is of weak type (1, 1) and strong type {p,p) for all 1 <p < 00, 
with respect to ji, and the operator norms depend only on the doubling constant of the 
measure fi, the exponent p and the dimension n. Also the centered maximal operator 
M^ satisfies the same bounds. 

(iv) If B is a convex set in M" we have ii{dB) = where dB ■■= B \ B is the boundary of B. 

Proof. The proof of (i) can be found for example in [49, §8.6]. For (ii) let R^^'> be the dyadic 
parent of R and let {-Rjl^Ii denote the dyadic children of R^^^ and suppose that R = Ri. Then 

on on 

where 5^ > 1 is the doubling constant of /i. Let 7^ = 1 + (2" - 1)5^^ > 1. Since R\sm generations 
inside _R(™) we iterate to get fi{R) < 'jji^fj.{R^"^'') as desired. 

For (iii) observe that Afj^,^ is essentially the Hardy-Littlewood maximal operator with respect 
to a doubling measure and the result is classical. Since the measure ^ is doubling the operators 
Mji^^,M^ are pointwise comparable and satisfy the same bounds. 

Finally for (iv) let us fix the convex set B and x e dB. Let iJ be a supporting hyperplane of 
B through x and let H be the open half-space defined by H so that H n B = 0. Let R e A, 
centered at x and sR be the rectangle with the same center as R and sides s < 1 times the 
corresponding sides of R. So sR is an homothetic copy of R. Consider the 4" subrectangles Rsj 
produced by dividing each side of sR into four equal parts. Now at least one of these Rsj's is 
contained in the open half space H~. Let us call this rectangle R' and observe that it is of the 
form R' = z + ^sR c sR and R' n B = 0. We can then estimate 

fx{dB n sR) = fi{dB nsRn R') + ii{dB nsR\ R') 
= fi{dB nsR\ R') < fx{sR) - fx{R') 
1 
52 



< fi{sR) - — /i(s-R) < cfi{sR), 



M 
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with c < 1. Applying (iii) for the centered operator MS we see that 

1 > c > fi{dB n sR)/n{sR) -^ Iqb, /x-almost everywhere as s ^ 0^, 
which implies that fi{dB) = 0. D 

6. Tauberian conditions for bases of rectangles 

We now turn our attention to the maximal function M© ^ defined with respect to a non-negative 
measure n which is finite on compact sets and a homothecy invariant basis in M" consisting 
of rectangles. Observe that we do not assume the rectangles in (S to have sides parallel to the 
coordinate axes but one possible choice of is the basis Dl. 

Our main objective is to find a characterization of the measures ji such that M©^^ : L'p{ij) -^ 
Lp{u) for some p > 1 in terms of a mixed /i, //-Tauberian condition. The Tauberian condition 
(A^ ) now takes the form 

{K,,,u) H{x e M" : M^,,ilE)ix) > 7}) < c^^,,,AE)- 

Our second main result gives a characterization of the boundedness of Afg^ on Lp{u) in terms 
of the Tauberian condition (A^ ^J, whenever the measure /i is doubling with respect to (S. Note 
that for the measure u we only assume that it is non-negative and locally finite. 

Theorem 6.1. Let ^ be a homothecy invariant basis consisting of rectangles and fi.u be two 
non-negative measures on M", finite on compact sets. Assume that /i is doubling with respect to 
(S . The following are equivalent: 

(i) The measures fi.u satisfy the Tauberian condition (A^ ) with respect to some fixed 
level 7e (0,1). 

(ii) There exists I <po = Poic^ ^ ^, 7, /u) < +00 such that M©^^ : LP{iy) -^ Lp{v) for all p > Po- 

The previous theorem has an interesting corollary whenever n = u. In this special case our main 
theorem concerns the boundedness of the operator M©^^ on Lp{h), for sufficiently large p > 1 and 
H doubling with respect to 0. As discussed in § 3.3 this scenario is very well understood for the 
basis n. Indeed, we already know that for a doubling measure fi the operator Mq^^j is of weak 
type (1,1) and thus of strong type {p,p) for all p > 1. Thus both (i) and (ii) of this theorem 
are always satisfied for O. and n = u. However, for = D^ and n product doubling we get a new 
characterization of the measures /i such that M^i^^ is bounded on LP{fi), for sufficiently large 
p> 1. 

When fi = u the mixed Tauberian condition becomes: 

(A^,,,;.) K{^ ^ K" : M^,,{1e){x) > 7}) < c^,,,^/i(i?). 

We then have: 

Corollary 6.2. Let be a homothecy invariant basis consisting of rectangles and fi be a non- 
negative measure on M", finite on compact sets. Assume that fi is doubling with respect to (25 . 
The following are equivalent: 
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(i) The measure /i satisfies ttie Tauberian condition (A^ ) witti respect to some fixed level 

76(0,1). 
(ii) There exists 1 <po = Po{c'^ ^ ^, 7, /^) < +oo such that M©^^ : LP(/i) -^ LP{fi) for all p> Po- 

6.1. Proof of Theorem 6.1. In this subsection we give the details of the proof of Theorem 6.1. 
First of all observe that if M©^^ : Lp{v) -^ Lp{i') then trivially (Ag ) is satisfied for every 
7 6 (0, 1). For the rest of this section we will thus assume that (A^ ^ ^) holds for some 7 € (0, 1). 
Let (3 e (7, 1). Any such choice of /3 will work equally well but for definitiveness we can take (3 to 
be the arithmetic mean of 7 and 1. The hypothesis implies that 

(6.3) u{{xeW:M^^^{lE){x)>(3})<cu{E) for all measurable sets E c R". 

Here c = c^ but we suppress these dependencies for the sake of simplicity. We will need the 
following notation introduced in [21]. For every measurable set i? c M" we define VPAE) 
and for A; > 1 

n^.iE) := {xeR-: Me,^(l^.-i(^))(x) > /?}. 

With these definitions at hand it is not difficult to check the following basic properties. 
k,k' >0 be non-negative integers and A,B measurable subsets of M". Then 



E 



Let 



(6.4) 
(6.5) 
(6.6) 
(6.7) 



A^B^mA)^H^^{B), 
\f k'<k then n^^ (A) ^n''p{A). 



(A^^^J implies (6.3) which in turn implies that z/(^^(yl)) <c''iy{A). 

The properties above will be used in several parts of the proof with no particular mention. 
The following lemma is the heart of the proof of Theorem 6.1. 

Lemma 6.8. Let fi be a doubling measure with respect to 0, with doubling constant A^, and 
E be a measurable set in M". Suppose that for some a e (0,/5) and R e (3 we have n{R) > 
and -jj^ /fj lEdfi = a. Then 



Rc'h'T-^(E) where k, 



a,l3 - 



-log(g) 
log/3 



2 + 



log"(/3A^)) 
log(l//3) 



+ 1. 



Here we denote by [x] the smallest positive integer which is no less than x. 



Before giving the proof of the lemma let us see how we can use it to conclude the proof of 
Theorem 6.1. By restricted weak type interpolation it suffices to show that for every < A < 1 
and every measurable set i? c M" we have the estimate 



(6.9) 



K{x € M" : M^,,{1e){x) > A}) < ^u{E) 



< u{{x € M" : A < M^J1e)(x) < /?}) + —i^iE), 
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for some Po > 1 and some constant C > 0, independent of A and E. Estimate (6.9) above is 
the claim that the sublinear operator M©^^ is of restricted weak type {po,Po) with respect to the 
measure u, for some po > 1. Now we have 

u{{x e M« : Mg,^(ls)(x) > A}) < u{{x e M" : A < M^^^{1e){x) < /3}) 

(6.10) +u{{xeW:M^^^{lE){x)>/3}) 

c 
Xpo- 

by (6.3), for all po > 0. In order to estimate the first summand let £'a,/3 •= {A < M0^^{1e){x) < /?}. 
For every x e Ex,i3 there exists Rx ^ ^ and \ < a < /3 with 

Rx^x, iJ,{Rx)>0 and = a. 

KRx) 

By Lemma 6.8 we get that R^ <= T-L/f'^ (E). Now observe that ka^fs is a nonincreasing function of 

a. Thus for all a > A we have that k^^f^ < kx^ which by (6.6) implies that hI"'\E) c nl^-\E). 
Combining these observations we get that 

Ex,pO (J R^onl^'^iE). 

Using (6.7) we now see that 

v{Ex,p) <1^{U'^'''{E)) <c^-^^v{E). 
By the explicit expression for kx^p observe that we can write 

kx,,<^^V,,,^l 
with r]fi^^ > 2, depending only on (5 and /x. Thus 






fcA.fl ^ „„'7,9,Mlogi/log^ . _^ _ ^<S.7.^ 



Ap° Ap° 

with Po = ^^,^'°scg_^ „/iog(i//3) > 0. Remember that /3 is completely determined by the level 7 in 
hypothesis (A'' ) so that po = Po(cg ,7,/i). Together with (6.10) this completes the proof 
of (6.9) and thus of Theorem 6.1. 

For the proof of Lemma 6.8 we will need an intermediate result. For this we introduce a final 
piece of notation. If i? e (S then there is a natural "dyadic system of rectangles" associated to R 
which we will denote by Vji. This system has the properties 
(i) We have that R^Vr^(S. 
(ii) Every S € Vr has a unique dyadic parent S^^^ and 2" dyadic children. Furthermore, each 

corner of a rectangle S € Vr is shared by S and exactly one of its dyadic children, 
(iii) If V, ^ e Vr then VnS^{0,V,S). 
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We leave the details of the dyadic construction above to the interested reader. We now define 
the dyadic weighted maximal function with respect to V^ and fi as 

Mj,^J{x):= sup -^ f\f{y)\dKy), a;eM-. 

S3X 

li(S)>0 

The dyadic maximal function just defined satisfies all the desired bounds: 

Proposition 6.11. Let n be a locally finite non-negative measure. We have that Mx>^^^ : L^{n) -^ 
L^'°° (fi). We conclude that the family {R: Re Vr, Rbx, h{R) > 0} differentiates L\^^{ij). 

Note that there is no doubling assumption on the measure ji in this proposition. Indeed, 
the proof amounts to selecting the maximal "dyadic rectangles" S € P^ n [0,2^)" such that 
-jg) fs\f{y)\diJ.{y) > A and noting that they are disjoint. One then lets N -^ +oo. An identical 
argument works for "dyadic rectangles" contained in the other quadrants of M". We leave the 
details to the interested reader. 

Lemma 6.12. Let fi, E and R be as in the hypothesis of Lemma 6.8 above. Then there exists a 
non-negative integer N such that 

^iiRnn^-^E))>^f^{EnR). 

Proof We perform a Calderon-Zygmund decomposition of Iehr at level (3 with respect to the 
dyadic grid Vr. Namely, let {Sj}j c Vr be the collection of "dyadic rectangles" which are 
maximal among the S € Vr that satisfy /i(5') > and 

— r^ J '^EnR{y)dfl{y) > (3. 

Observe that for any rectangle S we have fi{S^^^) -^ +oo as A; ^ +cx) by Proposition 5.6 so 
every dyadic rectangle S is contained in a maximal dyadic rectangle. This selection algorithm 
together with the hypothesis n{Rn E)/jj,{R) = a < /3 allows us to choose a fi-a.e. disjoint family 
{Sj}j c Vr such that 

IJSj^R, Sj^RforaWj, 

j 

(6.13) {x € M" : Mv^A^EnaXx) > /?} = IJ'^., 



— - / lEnRdfi>^, 
Sj) Js, 



(6.14) IsnR < lujSj /i-a.e. in R. 

For any constant c> 1 we let c* Sj denote the rectangle containing Sj that has sidelength c times 
the sidelength of Sj and has a common corner with Sj and M . With this notation we have 
S- ' =2 * Sj while the doubling hypothesis for jj, implies that /i(S'- ) < A^jj,(Sj) for every j. 
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For each j we set 5*^0 •= Sj. Suppose we have defined 5*^0 <= ••■ <= Sj^k ^or some A; > 0. We define 
Sj^k+i to be a rectangle of the form c^ fc+i * Sj, where Cj^k+i > 1 is chosen so that 5*^^; <= Sj^k+i and 

Observe that such a choice is always possible since the function /(c) := n{c*Sj^k)llJ'{Sj,k) satisfies 
/(I) = 1, /(c) -^ +00 as c ^ +00 and by (iv) of Proposition 5.6 it is continuous on [1, +cx)). 
For /c > we now set 

Ek '■= [jSj^k- 

j 

Observe that for A; > we have 

(6.16) Efc+i c {a; € M" : M^^^{1e,){x) > /3}. 

Indeed if x e Ek+i then x e Sj^^^k+i for some jo- We estimate 

5e« At('S') l2{Sjg^k+l) K^joM^) 



M0^^{1eJ{x) = sup ^y^;^ > ^jr^ ^ > ^y^ ^ = /3, 



S3X 

by (6.15). Next we claim that for every A; > we have 

(6.17) Ek^Hf\E). 
For A; = this is an immediate consequence of (6.13) since 

^0 = U'S', = {X e M" : Mx,^,^(l£;nH)(x) > /?} 

i 
c {x e M" : Ms,^(ls)(x) > /5} = ^/^(E). 

Assume now that (6.17) is valid for some A; > 0. By (6.16), the inductive hypothesis and properties 
(6.4), (6. 5) we get that 

Ek^i c {x € M" : Me,^(lEj(a;) > /?} = n}iEk) c nl{nf\E)) = nf\E), 

which proves the claim. 

Now let A^ be the smallest non-negative integer such that /3"(^+^) > A^, where A^ is the 
doubling constant of the measure /i. It follows that 

(6.18) Sf^ c S-.w+i 

for every j. Indeed, assume for the sake of contradiction that Sjtv+i ^ Sj . Then the doubling 
property of ii implies that fi{Sj^N+i) < Ai(5'- '). Thus 

KSj ) /i(5'j,Af+ i) 
KSj) f^{Sj) 

which contradicts the choice of N. 



A^ > ^:^^A_^ > ^^v:^^ = pHN.i) 
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Now (6.18) implies that for every j we have 



P 



and we can conclude that for every j 

Hence 

(6.19) U'S'f ^ ^{xeR: M^^.ilE^ix) > P}. 

j 



Let {Sj }k denote the maximal elements of {S- }j. Then the sets {S- }k are fi-a.e. pairwise 
disjoint and Ufc'S',- = UiS^ . Note that all S: s are contained in R since for all j we have 
Sj ^ R. We also have that we have S- 4^ Sm for any /c,m. Indeed, if S- = Sm for some k,m 
then we would have M ^ Sm which is impossible because of the maximality of the S*- s among 
the Srn s. Thus none of the SjJ were selected in the Calderon-Zygmund decomposition so that 

/i(5J>i?ni?)</3M5J;^) 

and hence /i(5'- n £■) < [3^{S-) for all A; since S ■ '^ R for all A;. Using the last estimate and 
(6.19) we now have 

^^{{x^R■.M^,,{lE^){x)>P})>^^(\Jsf^) = ^^(\JS^^^) 

j k 

-ZKSi]^)^lZf^(EnS^^) 



k 



-. ' /3^ — 



P k ' P j 

>^/i(^nU5,). 

Now (6.14) implies that Iehb. ^ l/jnu 5 almost everywhere so that /i(_E n R) < ji(R n UjSj). 
Thus the previous estimate reads 

/.({a; € i? : M<s,^{1eJ{x) > /?}) > ^/.(E n R) 

which by (6.17) implies that fi(R n n^+^iE)) > f3-^^{E n R) as desired. D 

We can now conclude the proof of Lemma 6.8. 
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Proof of Lemma 6.8. By the hypothesis there exists a e (0,/3) and i? € (S so that fi(R) > and 
IJ,{E n R)/fi(R) = a. Let jo be the smallest positive integer such that /3~^°a > (3. Such an integer 
obviously exists since /3 < 1. There are two possibilities. 

case 1: We have that /i(i?n'Hi ^ \E)) < (3fi{R) for j = 0, ... ,jo- 1- Then we claim that we 
have 

(6.20) 



fx{Rnn 



k(N+2) 



iE))>-fi{RnE) for all k = l, 



,Jo- 



We will prove (6.20) by induction on k. Indeed, the case k = 1 is just Lemma 6.12. Assume that 
(6.20) is true for some 1 < k < jo-l. Then, since fi{R n %}• ^ {E)) < (3ii{R) we can apply 
Lemma 6.12 for the rectangle R and the set H} ^ \E) in place of E to conclude that 

^.{R^nr{n','''''\E))) > Unr^'\E)nR) > Uh'^^(RnE) = {^t^' ^.(R n E) . 



/3 



/3'/3' 



'/3- 



However this is just (6.20) for A; + 1 since n^^\nf^*^\E)) = nf*^^^''*^\E). 



Now by (6.20) for k = jo we get that 

jMN+2) 



^^,(Rnnr-\E))>_(^r^-^^^ 



KR) 



13-^" a > (3 



by the choice of jo- This implies that R^H^g^^^^^^^{E). 



case 2: We have that ^i{Rnn^^^*'^\E)) >(5^i{R) for some j e {0, . . . , jo - 1}. In fact, by the 
hypothesis we necessarily have that j > 1 in this case. Then 



1 



li(Rnn'^''^'\E))>(5 



^^{Rr'—^ 

which implies that Rc{x^R^: Mg^^(l^,(iv+2).^J(x) > (3} 

Observe that in either one of the complementary cases considered above we can conclude that 



'Hf''''^'\E). 



R^n 



MN+2) + l 

/3 



(E). This proves the lemma with ka^p = jo{N + 2) + 1. It remains to estimate 
koi,i3- This can be easily done by going back to the way the integers N and jo were chosen. For 
A^ remember that it is the smallest non-negative integer such that (l//3)^+^ > A^. If 1//3 > A^ 
then the choice A^ = will do. If 1//3 < A^ then we get that N is the smallest positive integer 
which is greater or equal to log(/3A^)/log(l//3). Thus the choice 

log(l//3) 

covers both cases. Likewise, jo is the smallest integer such that (5^^° > /3/a or jo is the smallest 
integer greater than log(/3/a)/log(l//3). Thus we can choose 

"log(^)'' 



Jo- 



log 
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We set 
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"log(?) 



logi 




+ 2+1 



log(l//3) 



Of course, any integer greater than the ka^i^ above will also do since the sets Tig{E) are increasing 



in k. 



D 



7. An extension to bases of convex sets 



The purpose of this section is to provide an extension of Theorem 6.1 to the case that the 
Tauberian condition is given with respect to a homothecy invariant basis 03 consisting of convex 
sets: 

{K,,,u) ^({^ ^ ^" ■■ M<sA'^e){x) > 7}) < c^i,,,AE)- 

As in the previous section where the basis (S consisted of rectangles, we will need to assume the 
doubling property of the measure yU with respect to the basis ® . The main theorem of this section 
is the following. 

Theorem 7.1. Let ^ be a homothecy invariant basis consisting of convex sets and fi, v be two 
non-negative measures on M", finite on compact sets. Assume that /i is doubling with respect to 
03. The following are equivalent: 

(i) The measures fi.u satisfy the Tauberian condition (A^ ) with respect to some fixed 

level 7 6 (0,1). 
(ii) There exists 1 < po = Po(c^^^,,n, 7,/i) < +cx) such that M<s,,j. ■ Lp{v) -^ Lp{v) for all 

P>Po- 

The general strategy of the proof is the following. Assuming that (A^ ) is satisfied for some 
level 7 e (0, 1) we will show that the maximal operator M©^^^ also satisfies a Tauberian condition 
with respect to every level a € (7,1). We will then use Theorem 6.1 to conclude that M©^^^ is 
bounded on some LP(z/)-space, for sufficiently large p. According to Lemma 5.5 the operators 
M(s^^fj_, M<s,^i are pointwise comparable so this will complete the proof of Theorem 7.1. 

7.1. The Tauberian condition for M©^^^. In the subsection we will show that (A^ ) implies 
a Tauberian condition for the operator M©^^. This is the content of: 



Lemma 7.2. Suppose that Mt^,^ satisfies the Tauberian condition (A^^^) for some fixed level 
7 e (0, 1). Then for all a e (7, 1) the operator M^^^^ satisfies a Tauberian condition with respect 
to a: 

iK^,a,u) K{^ ^ K" : M^,,(1e){x) > a}) < c^.,,„,,K^) 

where ct depends on c™ , the measures u, u, the dimension n, 7 and a. 
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The proof of this lemma is the most crucial step towards Theorem 7.1 and its proof will be 
explained through several intermediate steps in this section. 

We will adopt the definitions and notation of § 5.1, namely for every i? e 03 we consider the 

3 

associated rectangle Rb where B c R^ c nzB and 0*8 = {Rb '■ B e 03} forms a homothecy 
invariant basis. Our basic assumption is that jj, is doubling with respect to ® with doubling 
constant A^tg. By Lemma 5.5 this implies that fi is also doubling with respect to (5<^, with 
doubling constant A^©^. All these notions and constants will be fixed throughout this section so 
we will just write A^ := A^«b snd ^/^ '" ^a«.®9j- 

We now fix a convex set B and its associated rectangle R = Rb => B and work locally inside 
R. By using a bijection T : M" ^ M" we always have [0,1]" = Q = T{R) and then we set 
K := T{B) c Q. By considering the pushforward of fj., that is the measure defined as jJiriE) ■■= 
li{T'^E) for every measurable set E, we readily see that the measure jit is doubling with respect 
to the basis T® = {T{B) : B € ®} with doubling constant A^j. Also the measure jit is doubling 
with respect to the basis T(S with doubling constant 5^. Using these invariances we can and will 
henceforth assume that R = Q and 5 is a convex set inside Q. We will use the same notation yU 
for the measure fir- This will hopefully create no confusion as all our estimates will only depend 
on the doubling constants which are the same for both measures. 

The following lemma is the heart of the matter when it comes to the proof of Lemma 7.2. 

Lemma 7.3. Let K be a convex set contained in ttie unit cube Q = [0, 1]" and ji be a doubling 
measure wtiicti is doubling with respect to Euclidean cubes in M" with doubling constant 5^. For 
every e > we have the estimate 

fi{{x eW\K:0< dist(x, K) < e}) < v,fi{Q), 

where v,<96';^"'^^''^^\\og^j\ 

We immediately get the following corollary. 

Corollary 7.4. Let m be a positive integer and {Qj}j denote the dyadic cubes of sidelength 2^™, 
contained in Q and disjoint from K. Then 

KUQ^)+KK)>UKQ), 

j 

where ^m = ^ " ^ys2-™ ^1 as m ^ +oo and v^ is as in Lemma 7.3. 

Proof Suppose that x e Q\K and dist(x,K) > yjn2'™' . Then since the cubes Qj have diameter 
less than ^Jn2''^ we have that x e Qj for some j. Thus 

g \ ( (J<5i u ir) c {x € Q \ /s: : < dist(x,K) < Vn2-™}. 
i 

Using Lemma 7.3 and the previous inclusion we conclude 

3 

which is the desired estimate with ^m = 1 "'^^2-^- ^ 
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Some remarks are in order concerning Lemma 7.3 and its corollary above. If // is replaced by the 
Lebesgue measure then Lemma 7.3 appears in [21, Lemma 2] and is one of the main ingredients 
for the proof of the Lebesgue-measure analogue of Lemma 7.2. In the Lebesgue measure case, 
Lemma 7.3 is a simple calculation that crucially depends on the fact that the Lebesgue measure 
of an "annulus" around a convex set can be calculated as the sum of the {n - l)-dimensional 
Hausdorff measures of the boundaries of an increasing sequence of convex sets. Since the (n - 1)- 
dimensional Hausdorff measure of the boundary of a convex set contained in Q is at most 2n this 
yields the desired estimate. Under the presence of a general doubling measure the proof of such 
a result is more involved. In order not to divert the attention from the proof of Lemma 7.2 we 
postpone the proof of Lemma 7.3 until § 7.3. 

Let _E be a set in M", cr € M" and c > 0. Remember the notations Tq-E' = {x + a : x e E} and 
dilc-E = {ex : X £ E}. In the following lemma we iterate the construction of Lemma 7.3 in order 
to get "many" disjoint homothetic copies of a convex set B inside its associated rectangle Rb, 
with diameters bounded away from zero and whose union captures a big portion of the measure 
ofRB. 

— \— log Til 

Remember that ^m is the constant appearing in Lemma 7.3, p = A^ ^ < 1 is the constant 

from Lemma 5.5, and 5^ is the doubling constant of /i with respect to ^^s- 

Lemma 7.5. Let B € ^ be a convex set in let R = Rb £ (S^b be the associated rectangle of B 
so that B c R. Let m be a a large positive integer so that ^m > P- For every positive integer N 
there exists a set B^ <= R with the following properties: 

(i) The set Bjq is a finite union of pairwise disjoint homothetic copies of B. That is, Bj\f = 

UaBa, each Ba<^ R is an homothetic copy of B and the B^ 's are pairwise disjoint. 
(ii) Let Ba be a homothetic copy of B in Bn snd let Rb^ be the associated rectangle of Ba- 
Then Rb^ is a "dyadic rectangle" in Vb which is at most mN generations inside R. This 
means that R^ = R for some non-negative integer s < Nm. 
(iii) For the fi-measure of B^ we have the estimate 

p{Bn)>p ^_^ fi{R), 

where \1> := .^^ - p. 

Proof By the discussion before Lemma 7.3 concerning affine invariance we can assume that 
R = Q = [0, 1]" and B = K c Q. We will thus construct the set Kj^ = Bj^ as in the statement of 
the lemma, assuming everything takes place inside the unit cube Q. 

Let {Qj}j denote the pairwise disjoint cubes from Lemma 7.3 which satisfy n{UjQj) + ji{K) > 
^mP^iQ)- It is essential to note that ^m depends only on the dimension, the doubling constant 
of /i and m, and that ,^m ^ 1 as m ^ +cx). Remember that by Lemma 5.5 we have for every 
S e *B with associated rectangle Rb that p{B) > pix{Rb)- Since we have reduced everything to 
the case K <z Q this means that we have 

(7.6) KV)>pfi{Qv) 
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for all the convex sets V c Q which are homothetic copies of K and for Qy => V being the 
associated cube of V. Throughout this proof (and for the rest of the paper) we assume that m 
is sufficiently large, depending upon the dimension, 5^ and A^ only, so that ^m - P > 0. 

Consider {aj}j c M" such that Qj =■ r^j d\\2-mQ and set Kij := t^j d\\2-mK. Observe that 
Qj is the associated cube of the convex set Kij, just like Q is the associated rectangle of K. 
Combining this observation with (7.6) we see that ii{Kij) > pn{Qj) and thus 

3 3 

By Lemma 7.3 we estimate 

3 

= pUM) + {^-p)p{K)- 

Now p < 1 and p{K) > pii{Q) thus 

A^(U^i,.) + /^(^) ^ pUp^Q) + (1 - P)PP{Q) 

3 

= p{l+im-p)p{Q)- 

We call \1/ := ^m - P since this quantity will appear quite a lot in what follows. Observe that 
< \1/ < 1. Now let Ki := K yj U^-^i/ and A^2,j •= t^ di\\2-mKi = Kij u U^Tg- dil2-™-ft'i/. The 
previous estimate reads 

p(K,)>p{l + ^)fi{Q). 

We iterate the estimate of Lemma 7.3 as follows: 

p(Ui^2j) + p(AO > p(U^i,i) + EMU^..dii2-™iri,,) + /i(^) 

> /^(UXij) +p^p((j7-<7,dil2--r<^,dil2-™Q) +p(A') 

> /^(U ^1,.) + p E {Up(q,) - p{Ki,)) + p(ir) 

3 3 

= (l-p)/i(Ui^l,,)+PernEMQ.)+P(^) 

3 

Noting that the coefficient in front of p{K) is positive and using p{K) > pp{Q) together with 
the lower bound for p{\JjKij) we can conclude 

p{\jK2,) + p{K) > p(l + M/ + ^^)p{Q). 
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Thus K2-=Ku \JiK2/ satisfies 

We continue inductively. If K,, has been defined and satisfies iJi{Kj,) > p(l + ^ + ••• + 'i!'^)fx(Q) 
we can set K^j+ij := t„ A\\2-mKy and K^+i ■■= K u IJiK^i and in the same fashion we show that 

/i(ir.+i) > p(l + ^ + - + ^'^ + ^'^+i)/i(Q). 

We conclude that for every positive integer N we have ii{Km) > P^-fz^;— l^{Q) ■ 

Going back from the unit cube Q to a general rectangle R, if Q = T{R) for a bijection 
T : M" ^ M" then the desired set B^ is just B^ ■= T-^Kn- □ 

In the following lemma we make appropriate selections of the parameters m,N as these appear 
in the statement of Lemma 7.5. 

Lemma 7.7. Let r] e (0,1) and a € (?7, 1) and consider the parameters N,m and \I/ from 
Lemma 7.5. There exists a choice ofm,N so that 

1 - ^^+1 1 - a 
^ 1-^ " l-T]' 

Proof. Remember that \E' = ^^ - P- We begin by fixing m large enough so that ^rn> P and 

P _ P ^^^ i-v 



1 - ^ 1-iU-p) 2 

For the previous inequality to be true it is enough to define m so that 



^m>l-p^ fZ^ = l-p 

1 + f-^ 2- a-r) 

This is always possible since < ^"^'^ < 1 and < p < 1. With this value of m fixed we now let 
the positive integer N be large enough so that 

^(1 - ^^^^) = ^(1 - (u - pr^') > ^. 

A straightforward calculation shows that it is enough to take 

These values of m and A^ prove the statement of the lemma. D 

We are now ready to give the proof of Lemma 7.2. 

Proof of Lemma 7.2. Let us assume that M<g^^ satisfies the Tauberian condition (A^ ) for a 
fixed level 7 e (0,1) and let /3 e (7,0;). As in the proof of Theorem 6.1 any such /3 will work 
equally well, but a concrete choice is (3 '■= (7 + a)/2. Then the Tauberian condition (A^ ^) implies 

(7.8) H{x e M" : M^J1e){x) > /?}) < <,,,,.^(i5) 
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for any /i-measurable set E c M". For every y e {x e M" : M0^^^(l£;)(a;) > a} there exists a 
rectangle R = Ry € 0(g with i? 3 y and 

(7.9) -^^l,(,)c^My)>«. 

We will use the basic inclusion 

H^ := {xeR^: M©^,^(l£;)(x) > a} c (J i?^,. 

Denoting 

H%{E):=E and H^,^(i?) := {x € M" : Af^,^(l^^_.(^))(x) > /3}, /c > 1, 

we will show that ^yRy <= H^ JE) for some positive integer fc. 

To this end let R = Ry he one of these rectangles. Observe that there is some B e^ such that 
R = Rb is the associated rectangle of the convex set B and R^ B. We now consider the set Bj^j 
as in Lemma 7.5 with the choice of parameters m,N provided by Lemma 7.7 applied for rj = (3. 
Observe that we have h{Bn) > j^h{Rb) and B^ is a disjoint union of homothetic copies of 
B inside Rb, with each homothetic copy having associated a rectangle which is dyadic, and at 
most Nm generations "inside" Rb- We claim that for at least one of the homothetic copies of 
B forming B^, say B, we have 

— ^ flE{y)dfi{y)>/3. 

fi{B) JB 

Indeed, if this is not the case then we would have 

^l{E nR)< fi{E n Bn) + ^E nR\ Bn) < P^Bn) + KR) - K^n) 

= fi{R) - (1 - /3)/i(5^) < fiiR) - (1 - /3)[^/i(i?) = afiiR) 

which contradicts (7.9). The previous claim just proved immediately implies that 

(7.10) BcnhAE)- 

If Rb is the associated rectangle of B we get by the construction of Lemma 7.5 that Rg is a 
dyadic rectangle which is at most Nm generations "inside" R. Thus 2^"^+^/?^ => R. Remembering 
that -R^ c n'iB we arrive at 

From the doubling property of /i with respect to ® we now get that 
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We define a nested sequence of homothetic copies of B as follows. Let Bq := B. Assuming we 
have defined Bq, . . . ,Bj then we set Bj+i := CjBj where Cj > 1 is chosen so that 

(7.11) i^^M-l>i. 

This is possible because of the continuity of the measure /i proved in (iv) of Proposition 5.6. Here 
remember that cB denotes dilation with respect to the center of the John ellipsoid of B. It is 
not hard to see that B <z cB whenever c > 1. We define k = ka^p.n,^ to be the smallest positive 
integer such that 

/ 1 \ fc-l . A^m+l+[| logn] 



Observe that for this it suffices to set 



k:=l + 



3 

\Nm + 1 + -logn], 



log(l//3) 
with the choices of m,N given by Lemma 7.7 with r/ = /3. Then we claim that 

If this is not the case then necessarily Bk-i ^ 2^'"^^^'^2 '°s"l^ since both sets in the previous 
inclusion are of the form cB and, as already observed, one must contain the other. This would 
imply 

KB) KB) ~h^ 

which contradicts the choice of k. Now for every j = 1,. . . ,k-l the choice in (7.11) implies that 

Bj <='H»,/3(^i-l)- 

Iterating the previous inclusion we get 

R c 2^™+i+rii°g"i5 c Bk_i c nl^-l{B) c n%^p{E) 

by (7.10). 

Remembering that Ho, = {s e M" : M(5^_^(l£;)(x) > a) c {jy^u^ B.y, the previous inclusion and 
(7.8) imply 

v{{x e M" : M^,J1e){x) > a}) < u{[jRy) < v{H'^^p{E)) < K,,,J^z/(i?) 



w 



hich is the Tauberian condition for M©^_^ with constant c^^ ^^< [(^^J\''- □ 
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7.2. The proof of Theorem 7.1. It is now routine to complete the proof of Theorem 7.1. Indeed, 
suppose that Mqj^^ satisfies (A^ ) for some fixed level 7 e (0,1). Then Lemma 7.2 implies that 
the associated operator Msq^^^ satisfies (A^ ^J). Since 0fB is an homothecy invariant basis 
of rectangles and /i is doubling with respect to that basis, Theorem 6.1 implies that Mt^,^^^ is 
bounded on Lp{u) for p > po with po depending on fi, n, 7 and the constant c^ ^ ^, in the Tauberian 
condition (A^ ). By Lemma 5.5 the operators M©^^^ and Msg^^ are pointwise comparable. We 
conclude that M(b,^ is bounded on Lp{u) for p > Pq. 

7.3. The proof of Lemma 7.3. This section is dedicated to the proof of Lemma 7.3. Remember 
that Q = [0, 1]" is the unit cube in M" and K c Q \s a convex set and our purpose is to estimate 
the /i-measure of the "annulus" {x € M" \ fC : < dist(a;, K) < e}. The estimate of the lemma is 
only interesting when e is small so it is without loss of generality to assume that < e < 2¥- We 
consider the larger cube L := 16Q which is the cube with the same center as Q and and sidelength 
equal to 16. Now let us fix a positive integer A; > 8 such that 2^*^"^ < e < 2^^. It obviously suffices 
to estimate the measure of the "annulus" 

Ak-={xeW\K:0< dist(x, K) < 2"'=}. 

Let X e Ak and consider p = p^ ^ dK such that |p - x| < 2^^. Let Hp be a supporting hyperplane 
through p and H^ be the half space defined by Hp and such that H^ n K = 0. We now consider 
the half line £p which is emanating from the point p, is perpendicular to Hp and is contained in 
Hp, and suppose that ip meets dL at some point bp. Since K n H^ = and ip is perpendicular 
to Hp, we have for z e ip-. 

(7.12) dist(z,K) = dist{z,Hp) = \z-pl z e ip. 

Thus we can conclude 

{dist{z, K) : z e ip} 3 [0,\bp-p\] 3 [0,1] 

since |6p -p| > 8 - 1/2 > 1. Now let 2'^ e [2^^, 1] for some < j < A;. By the continuity of the 
distance function there exists Zp e ip such that dist{zp,K) = 2'K Let {Sj}j denote the Whitney 
cubes associated to K and remember that these cubes satisfy 

SjnSy = if j^f, 
diamS'j < dist(S'fc,i^) < 4diamS'j. 

Here A denotes the interior of a set A. See for example [49, §Vl.l] for the details of the 
construction of the Whitney cubes. Since the Whitney cubes cover K'^ and dist{zp,K) > 0, there 
is a Whitney cube Sp = Sj^ such that Zp e Sp. We then have that 

diam Sp < dist(5'p, K) < dist(2;p, K) 

and on the other hand 

diamS'p > -dist{Sp,K) > -{dist{zp,K) -diamS'p) 
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Figure 1. A figure for the proof of Lemma 7.3 

so that diam^p > ^dist{zp,K) > |dist(zp,i^). Thus the Whitney cube Sp satisfies 

diam Sp < dist(zp, K) = 2'^ < 8 diam Sp. 



By (7.12) we also get that diamSp > hdist{zp,K) 



sl^p 



p\. Remember that x e Ak satisfies 



Is -p| < 2^'^ < 2'K An easy calculation now verifies that x e ?,4:^/nSp, where we remember that 
the dilation is taken with respect to the center of Sp. 

We have actually shown that for every x ^ A^ and every 2^^ e [2^^, 1], there exists a Whitney 
cube Sx such that 

X e 3A^Sx and -2-^ < diam S^ < 2"^' 
8 

Let Cj denote the Whitney cubes such that |2 ■? < diamS' < 2'K Observe that for different j's 
the collections C^j are disjoint. We can write for every positive integer j e [0,^/4) 

Afc c (J 34v/^5, 



and thus 



KAk) < S^fl 



[log 34,/n] 



K U s). 
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Summing in j e [0, /c/4) yields 

[k/4\ 

with [x\ denoting the largest integer less or equal to x. Now all the Whitney cubes 5* that appear 
on the right hand side of the last display satisfy diam(S') < 1 and dist(5', iT) < 4, and thus they 
are all contained in IIQ c L. Since the families C^j are pairwise disjoint, and every family C^j 
consists of pairwise /x-a.e. disjoint cubes, the previous estimate implies 

k k 

Since ^ < ^^^ this completes the proof of Lemma 7.3. 

References 

[1] Bagby R. J. and Kurtz D. S., L(logL) spaces and weights for the strong maximal function, J. Analyse Math. 

44 (1984/85), 21-31. MR801285 (87c:42018) t7 
[2] Ball K., An elementary introduction to modern convex geometry, Flavors of geometry. Math. Sci. Res. Inst. 

Publ., vol. 31, Cambridge Univ. Press, Cambridge, 1997, pp. 1-58. MR1491097 (99f:52002) fU 
[3] Buckley S. M., Estimates for operator norms on weighted spaces and reverse Jensen inequalities. Trans. Amer. 

Math. Soc. 340 (1993), no. 1, 253-272, DOI 10.2307/2154555. MR1124164 (94a:42011) tl 
[4] Busemann H. and Feller W., Zur Differentiation der Lebesgueschen Integrale, Fundamenta Mathematicae 22 

(1934), no. 1, 226-256 (ger). t3, 11 
[5] Capri 0. N. and Fava N. A., Strong differentiability with respect to product measures, Studia Math. 78 

(1984), no. 2, 173-178. MR766713 (86m:26010) t9 
[6] Carbery A., Hernandez E., and Soria F., Estimates for the Kakeya maximal operator on radial functions in R", 

Harmonic analysis (Sendai, 1990), ICM-90 Satell. Conf. Proc, Springer, Tokyo, 1991, pp. 41-50. MR1261427 

(94m:42039) t6 
[7] Coifman R. R. and Fefferman C, Weighted norm inequalities for maximal functions and singular integrals, 

Studia Math. 51 (1974), 241-250. MR0358205 (50 #10670) tl 
[8] Cordoba A., On the Vitali covering properties of a differentiation basis, Studia Math. 57 (1976), no. 1, 91-95. 

MR0419714 (54 #7732) t7 
[9] Cordoba A. and Fefferman R., A geometric proof of the strong maximal theorem, Ann. of Math. (2) 102 

(1975), no. 1, 95-100. MR0379785 (52 #690) t6, 7 
[10] Duoandikoetxea J. and Naibo V., The universal maximal operator on special classes of functions, Indiana 

Univ. Math. J. 54 (2005), no. 5, 1351-1369, DOI 10. 1512/iumj. 2005. 54.2570. MR2177104 (2006h:42019) 

t6 
[11] Duoandikoetxea J., Martm-Reyes F. J., and Ombrosi S., Calderon weights as Muckenhoupt weights, Indiana 

Univ. Math. J. (2013). to appear. tH 
[12] Fefferman R., Strong differentiation with respect to measures, Amer. J. Math. 103 (1981), no. 1, 33-40. 

MR601461 (83g:42009) t2, 8, 10 
[13] Fefferman R., Some weighted norm inequalities for Cordoba's maximal function, Amer. J. Math. 106 (1984), 

no. 5, 1261-1264, DOI 10.2307/2374280. MR761586 (86a:42024) tlO 
[14] Fefferman R., Multiparameter Fourier analysis, Beijing lectures in harmonic analysis (Beijing, 1984), Ann. of 

Math. Stud., vol. 112, Princeton Univ. Press, Princeton, NJ, 1986, pp. 47-130. MR864371 (89a:42001) t2 
[15] Fefferman R. and Pipher J., Multiparameter operators and sharp weighted inequalities, Amer. J. Math. 119 

(1997), no. 2, 337-369. MR1439553 (98b:42027) t2, 10 



34 P. HAGELSTEIN, T. LUQUE, AND I. PARISSIS 

[16] Garcfa-Cuerva J. and Rubio de Francia J. L., Weighted norm inequalities and related topics, North-Holland 

Mathematics Studies, vol. 116, North-Holland Publishing Co., Amsterdam, 1985. Notas de Matematica [Math- 
ematical Notes], 104. MR807149 (87d:42023) t7 
[17] Gogatishvili A., Weak type weighted inequalities for maximal functions with respect to the general basis, 

Soobshch. Akad. Nauk Gruzii 145 (1992), no. 2, 249-252 (English, with Russian and Georgian summaries). 

MR1248367 (94m:42040) t7 
[18] Grafakos L., Liu L., Perez C., and Torres R. H., The multilinear strong maximal function, J. Geom. Anal. 21 

(2011), no. 1, 118-149. MR2755679 (2011m:42031) tl2, 13 
[19] de Guzman M., Differentiation of integrals in R", Measure theory (Proc. Conf., Oberwolfach, 1975), Springer, 

Berlin, 1976, pp. 181-185. Lecture Notes in Math., Vol. 541. MR0476978 (57 #16523) t3, 11 
[20] de Guzman M., Real variable methods in Fourier analysis, North-Holland Mathematics Studies, vol. 46, North- 
Holland Publishing Co., Amsterdam, 1981. Notas de Matematica [Mathematical Notes], 75. MR596037 

(83j:42019) t6 
[21] Hagelstein P. and Stokolos A., Tauberian conditions for geometric maximal operators. Trans. Amer. Math. 

Soc. 361 (2009), no. 6, 3031-3040. MR2485416 (2010b:42023) t3, 11, 12, 13, 15, 18, 26 
[22] Hunt R., Muckenhoupt B., and Wheeden R., Weighted norm inequalities for the conjugate function and 

Hilbert transform. Trans. Amer. Math. Soc. 176 (1973), 227-251. MR0312139 (47 #701) tl 
[23] Hytonen T. P., The sharp weighted bound for general Calderon-Zygmund operators, Ann. of Math. (2) 175 

(2012), no. 3, 1473-1506, DOI 10.4007/annals.2012.175.3.9. MR2912709 t2 
[24] Hytonen T. P., Lacey M. T., and Perez C, Sharp weighted bounds for the q-variation of singular integrals. 

Bulletin of the London Mathematical Society, posted on 2013, DOI 10.1112/blms/bdsll4, (to appear in 

print), available at http://blms.oxfordjournals.org/content/early/2013/01/ll/blms.bdsll4. full. pdf+html. t2 
[25] Infante A., A remark on the maximal operator for radial measures, Proc. Amer. Math. Soc. 139 (2011), no. 8, 

2899-2902, DOI 10.1090/S0002-9939-2011-10727-5. MR2801630 (2012d:42037) t9 
[26] Jawerth B., Weighted inequalities for maximal operators: linearization, localization and factorization, Amer. 

J. Math. 108 (1986), no. 2, 361-414. MR833361 (87f:42048) t2, 3, 7, 12 
[27] Jawerth B. and Torchinsky A., The strong maximal function with respect to measures, Studia Math. 80 

(1984), no. 3, 261-285. MR783994 (87b:42024) t2, 10, 12, 14 
[28] Jessen B., Marcinkiewicz J., and Zygmund A., Note on the differentiability of multiple integrals. Fund. Math. 

25 (1935), 217-234. t6 
[29] John F., Extremum problems with inequalities as subsidiary conditions. Studies and Essays Presented to 

R. Courant on his 60th Birthday, January 8, 1948, Interscience Publishers, Inc., New York, N. Y., 1948, 

pp. 187-204. MR0030135 (10,719b) tl4 
[30] Journe J.-L., Calderon-Zygmund operators, pseudodifferential operators and the Cauchy integral of Calderon, 

Lecture Notes in Mathematics, vol. 994, Springer- Verlag, Berlin, 1983. MR706075 (85i:42021) t8 
[31] Kokilashvili V. and Krbec M., Weighted inequalities in Lorentz and Orlicz spaces. World Scientific Publishing 

Co. Inc., River Edge, NJ, 1991. MR1156767 (93g:42013) t7 
[32] Lacey M. T., On the Two Weight Hilbert Transform Inequality (2013), available at 1301.4663. t2 
[33] Lacey M. T., Sawyer E. T., Shen C.-Y., and Uriarte-Tuero I., Two Weight Inequality for the Hilbert Transform: 

A Real Variable Characterization (2012), available at 1201.4319. t2 
[34] Lerner A. K., An elementary approach to several results on the Hardy-Littlewood maximal operator, Proc. 

Amer. Math. Soc. 136 (2008), no. 8, 2829-2833. MR2399047 (2009c:42047) t2 
[35] Lerner A. K., A Simple Proof of the A2 Conjecture, International Mathematics Research 

Notices, posted on 2012, DOI 10.1093/imrn/rnsl45, (to appear in print), available at 

http://imrn.oxfordjournals.org/content/early/2012/06/02/imrn.rnsl45. full. pdf+html. t2 
[36] Lin K.-C, HARMONIC ANALYSIS ON THE BIDISC, ProQuest LLC, Ann Arbor, Ml, 1984. Thesis (Ph.D.)- 

University of California, Los Angeles. MR2633524 t2 



[37; 

[38 

[39 
[40 
[41 
[42 

[43; 
[44; 

[45; 

[46 

[47; 

[48 

[49; 

[50 



TAUBERIAN CONDITIONS AND MUCKENHOUPT WEIGHTS 35 

Liu L. and Luque T., A Bp condition for the strong maximal function. To appear in Trans. Amer. Math. Soc. 
tl2, 13 

Long R. L. and Shen Z. W., A note on a covering lemma of A. Cordoba and R. Fefferman, Chinese Ann. 
Math. Ser. B 9 (1988), no. 3, 283-291. A Chinese summary appears in Chinese Ann. Math. Ser. A 9 (1988), 
no. 4, 506. MR968464 (91b:42037) tlO 

Luque T. and Parissis I., The endpoint Fefferman- Stein inequality for the strong maximal function (2012), 
available at 1211.2950. preprint. \2 

Mitsis T., The weighted weak type inequality for the strong maximal function, J. Fourier Anal. Appl. 12 
(2006), no. 6, 645-652, DOI 10.1007/s00041-005-5060-3. MR2275389 (2007i:42016) t3 
Muckenhoupt B., Weighted norm inequalities for the Hardy maximal function, Trans. Amer. Math. Soc. 165 
(1972), 207-226. MR0293384 (45 #2461) TL 7 

Perez C, Weighted norm inequalities for general maximal operators, Publ. Mat. 35 (1991), no. 1, 169-186. 
Conference on Mathematical Analysis (El Escorial, 1989). MR1103614 (92b:42025) t3, 10, 12 
Perez C, A remark on weighted inequalities for general maximal operators, Proc. Amer. Math. Soc. 119 
(1993), no. 4, 1121-1126. MR1107275 (94a:42016) tl2 

PetermichI S., The sharp bound for the Hilbert transform on weighted Lebesgue spaces in terms of the classical 
Ap characteristic, Amer. J. Math. 129 (2007), no. 5, 1355-1375, DOI 10.1353/ajm.2007.0036. MR2354322 
(2008k:42066) t2 

Pipher J., Ward L. A., and Xiao X., Geometric-arithmetic averaging of dyadic weights. Rev. Mat. Iberoam. 
27 (2011), no. 3, 953-976, DOI 10.4171/RMI/659. MR2895340 (2012k:42048) m 

Ricci F. and Stein E. M., Multiparameter singular integrals and maximal functions, Ann. Inst. Fourier (Greno- 
ble) 42 (1992), no. 3, 637-670 (English, with English and French summaries). MR1182643 (94d:42020) 
t2 

Sjogren P., A remark on the maximal function for measures in R", Amer. J. Math. 105 (1983), no. 5, 
1231-1233, DOI 10.2307/2374340. MR714775 (86a:28003) t8, 9 

Sjogren P. and Soria F., Sharp estimates for the non-centered maximal operator associated to Gaussian and 
other radial measures. Adv. Math. 181 (2004), no. 2, 251-275. MR2026859 (2004k:42035) t9 
Stein E. M., Singular integrals and differentiability properties of functions, Princeton Mathematical Series, 
No. 30, Princeton University Press, Princeton, N.J., 1970. MR0290095 (44 #7280) t6, 16, 31 
Vargas A. M., On the maximal function for rotation invariant measures in R", Studia Math. 110 (1994), 
no. 1, 9-17. MR1279371 (95e:42019) t9 



Paul Hagelstein, Department of Mathematics, Baylor University, Waco, Texas 76798, 
USA. 

E-mail address: paul_hagelstein@baylor.edu 

Teresa Luque, Departamento de Analisis Matematico, Facultad de Matematicas, Univer- 
siDAD DE Sevilla, 41080 Sevilla, Spain 
E-mail address: tluquem@us.es 

lOANNis Parissis.: Department of Mathematics, Aalto University, P.O.Box 11100, FI-G0G76 
Aalto, Finland 

E-mail address: ioajinis.parissis@gmail.com 



